MTH 534 equation sheet

13 Algebra of differential forms
Wedge product (exterior product)

/\:/\px/\qi_)/\zﬂ-q
aNa=0,BAa=—-aApE /\2 foroz,ﬂe/\l
Distributive (bilinear) & associative:

@By e N ffn

(a+B)Ay=any+ BNy

flany) = (fa) Ay

(anB)Ay=an(BA7)

Differential forms

Space of p—forms

N = {da A-
. T p__ () _ n!

# indep p-forms: dlm/\ = (p) = Pln—p)t

RN /\1, a— Ala),

SAdzr}), 1<ip < - <ip<n

Linear map on 1-forms: A : /\
A(fo+B) = fA(a) + A(B)
Linear map A on p-forms: A : /\p — /\p
o' Ao ANaP = Aal A A AP

Aw ) = |A|w = (detA)w for allw e /\n(V)
Products: o € /\p, B e /\q7 BAa=(-1)Planp
p-form B € /\p(R")
decomposable if
Ja; € /\1(R") s.t.
B=a1 AN ANoyp. All
elements of /\n_l(R”)
are decomposable.
decomposable
= v A~y =0 but
converse false.

14 Hodge duality

Bases for differential forms

M is n-dim surface w/ coordinates (z*)
Coordinate basis of 1-forms: {dz®}
Arbitrary basis: if {o?} is a basis of /\1,
{61} = {6 A--- A o™} is a basis for /\p where
index set I = {i1,...,ip},
1<ii<---<ip<n,p<n

Metric tensor, inner product

Def inner product on ‘vector space’ V as map
g:V xVi—=Rs.t.

1) (bi)linear: g(fa+ B8,7) = fg(a,v) + 9(8,7)

2) symmetric: g(8, a) = g(a, 8)

3) non-degenerate: g(a,8) =0V =a=0

For inner product g (metric tensor) on /\1:
Components in basis {o?}: g% g(o?,a7).
Can assume wlog that basis is orthonorm,
g(o?,a07) = £69, g(o!,07) = £617, g(1,1) = 1.
Line element ds? = gijdxida:j in orthonorm basis.
Signature of metric = # minus signs.

then

‘ flat curved
s =0 | Euclidean Riemannian
s =1 | Minkowskian Lorentzian

Action of metric g on 2-forms:

_|9(e.r) g(a,0)
g BN =o84)  9(8.9)
Schwarz inequality: g(a, 8)? < g(a, a)g(B, 8) in E
Reverse Schwarz: g(a, 8)2 > g(a, @)g(8, ) in M?
Orientation
{o?} is orthonorm basis of /\1(M)
Orientation w = ¢! A--- A¢™ on M chooses one of
two unit n-forms (other is —w). g(w,w) = (—1)°
Hodge dual
® /\p — /\nip is a linear map defined by: =
aAx*f=g(a,fw € /\n (= B A xa)
In any sig/dim: *1 = w, *w = (—1)%,
g(a, B) = (—1)% * (a A %)
General case: w = o' A---Ad", x0! = g(o!,0T)0”
where 0! =l A AoP ! =Pt A AT
s = (—1)P(=P)+5 always. Ins = 0,n = 3: #x =1
Dot and cross product
In any dim/sig: g(a, ) = -8 =(=1)% *x (a A %3)
In 3D, o, B € /\1: ax B =x(anp)

15 Differentiation of differential forms

Exterior diff.: o = fda! = fdz?r A --- A dais,
do = df A daz! in coord basis.
Thm: 13d: A? —» AP satisfying properties:

1) linear: d(aa + B) = ada + df, a = const

2) product rule: d(a A B) =da A B+ (—1)PaAdb
if @ = p-form

3) 20 = 0 < d(fda) = df A do

4) df = dr (=d(f))
0 d 1 d 2 4 3
N /\ Az Ae A

*

For O-form f, 1-form F' = F‘ dr:

grad(f) =df = Vf-df (= (f;/‘ del +...)
curl(F) = #dF = (V x F) - dF

div(F) =#d+« F =V -F

Laplacian Af = *d * df

Maxwell’s equations

V-E=4mp d«E=drxp
V-B=0 d*B=0
VxE+B=0 dE+*B =0
VxB-—E=47r dB—+E=dnxJ
V-I+p=0 wd*J+p=0
Ansatz:
B=VxA B = xdA
1?::—6@ A E=-do—A

M4 (%, d), w = @ Adt [R3 (%, )w—d:r/\dy/\dz}:
- F=FEAdt+3B,
Zf __Cfif—:_fdcit/\ — via ansatz A = A — ®dt
B Ghaa U,
*fdt_— if reduces to F' = dA,

dx F =4dmw*xJ

Orthogonal coordinates

(u, v, w) ortho coords in E3, {1, ¥, W} orthonorm
dr = hydul 4+ hydvV + hydww

ds? = df - dF = h2du? + h2dv? + h2 dw?

{hwdu, hydv, hydw} = orthonorm basis of 1-forms
dr= a‘" wdu + 6; dv + ar o dw

“or | s 1 oF
h“’: ul T h., 87[1‘,
df = SLdu+ SLdv + 2Ldw =V f - dF
B

By O hoV  hyW
S R _ 1 F) F) )
VXF=355- 2 v 2w

hyF“  hyFY  hyFY
S @_ _ 1 I RPN I, N
V-F = R (um—i-v%—i-w%)(hvth u+

hwhuy FY¥V 4+ hyhy FYW)

16 Integration of differential forms

Formalizing vectors < 1-forms

F vector field has corresponding 1-form F' = F.dr.

Map has inverse g(F dr) = F which preserves inner

product, g(F-dr, G- dr) F-G. If df in orthonorm

ba.SlS of vectors = o* el for some 1-forms o*, then
P=te dr and g(o?,07) = &; - & = :I:(S” s.t.

{o’} is orthonorm basis of 1-forms.

Line, surface, volume integrals

Line: fCFflr:_*ch, F:F-drﬁ )

Surface: fS F.dA = fs «F, «F =F - -dA

Volume: *f = fdV, define fp f = f(p) for O-form

Two integrands equal after being integrated over

any domain = integrands themselves equal.

Vector calculus theorems

Recall single-var FTC: f; j—ﬁdm = f(b) — f(a)

Gradient, Stokes, divergence theorems

ffﬁf'di:ﬂi fodf:facf:f}j
fﬁxﬁ dA = 3€ F.dr deF:faSF

f V.-FdV =¢ . F.dA Jpd*xF= [  *F
Most general Stokes’ theorem: ./AR da = [OR «

for any a € /\p and any (p + 1)-dim region R.
Integration by parts

fRda/\B = fRa/\ﬁf (71)pra/\d,B
(p-form «, g-form )

Special case retrieves fc fdg = fac gf — fc gdf

17 Connections
Vector-valued differential forms
Vector-valued p-form: a'é;, at
vector basis (chosen orthonorm)
Arbitrary basis: F = F'@;, dF = dFie; + Fide;
Exterior differentiation of vector fields

Some (not all) required properties:
(a € /\')4 v, w VFs (vector-valued 0-
1) linear: d(aV + W) = adV + dw

2) product rule: d(av) = dav + (—1)Pa A dV,
d(va) = dv A a + Vda

— prform, {6} =

form), a const)

Connections

Action of d on basis {&;}: dé&; = wijéi
wij = connection 1-forms, w;; = Fijko'“
Components of the metric tensor: g;; = &; - &;,
diagonal in orthonorm w/ entries £1 and I in E™
(9i)~" = g" = g(0%,07)

ds? = dF - df = (0'&;) - (07&;) = g;joto?

ds? = f/,ﬂ](!"([{l‘j in coordinate basis

wij = &; - d&; = gipw”,

The Levi-Civita connection

A connection is Levi-Civita iff:

1) metric compatible w;; + w;; =0

(d(V-W) =dvV-w+ V-dw)

2) torsion-free: do"'+wij/\rrj =0 (d*F = d(dF) = 0)
Claim: given dF, 3! a Levi-Civita connection

18 Curvature

Curvature of a curve

Curvature: k = 1/r, r = radius of best-fit circle
Unit tangent: T = dr/|dr| = dr/ds, s = arclength
Circle: dT/ds = (1/r)N = kN, N inward-pointing
= kds =dT -N = —dN - T, since N L T
Curvature of surfaces

Given E3, coords (21,2, z3):

on surface =% = const, o3 = 0.

Orthonorm basis {é1,é2,h = é3}:

kds = —dn-é&; = n- del = +w31

Structure eqns MJr w3 iAot =0

= w 1 A ol +wi DA o?

""31 = I‘JUUJ = structure eqn forces F312 = F321
Shape operator = S = 7(F3M), 4,7 = 1,2 (symm.).
Eigenvalues are principal curvatures k1, Ko

Mean curvature = Tr(S) = k1 + k2

Gaussian curvature K = det(S) = k1k2
Curvature

Structure eqns: 1) d°F = ©%¢;, 2) d2%é; = Qijéi
1) 6 = wij A ¢l + do?, ©F = torsion 2-forms

= Assume d?t = 0, reduces to 0 = do® + wij Aol

2) Qi = dw', +w /\u QZ = curvature 2-forms
In general Q” = —Qﬂ,

H(Z) = %n(n — 1) independent Qij s

Curvature in 3D

InE3, 0=0Q¢.

Theorema Egregium:
For 2D surface, 5212 = dw12 = Kw=Ko! Ao?

Interpretation:  Gaussian curvature, prev def
extrinsically, is an <intrisic, purely geometric,
property of the surface.

Components

Components of wij = Fijkak — Christoffels Fijk
i _ 1pi k i

Q'j = §Rjkla No

sz 1 = components of Riemann curvature tensor

i _pi

Assume Rjkl Rjkl

Ricci curvature tensor = trace of Riemann tensor:

Qki(ék) = R™,,;07 = Ryjo7, Ricci components

k
R;j < g(Q 'Ok /\0']) = Ry;
Ricci curvature scalar = trace of Ricci tensor:

by convention.



R = Rijgij = g(ai, Rijaj)
Bianchi identities

1) 0 = —d?0’= Q' Ao’

In components: R ikl + R? Kl + R? ik = 0

2) (“the”) 0=d%w Zj— dQb. +w /\Q" 752’ Awk j
‘covariant curl” of ﬁlemann tensor vamshes
—R;jgi, metric compat

= Ryij

Interp: *
Imply symmetries: R;j;x =
Rjipi = —Rijri, Rij = Rji, Rijp
Geodesic curvature

Choose orthonorm {é1,&2}

T = cosaé; + sin aés

N = —sinaé; + cosaés = é3 x T

Geodesic curvature: rgds = dT - N = da — wl,
A curve with k4 = 0 is a geodesic.

Geodesic triangles

Total curvature around closed curve:

wa-‘rfﬁgdS:Qﬂ

Piecewise smooth:

wa—&-fmgds:QW—Zq :27T—Z(7r—77i)
Area of geodesic triangle on sphere:
A/r2:27r—27r—m Zm—ﬂ' i=1...3
Interp: A/r2 = angle sum — 7 = no similar A s!
In plane: K =0 = angle sum = m

Gauss-Bonnet theorem

Any (oriented) compact surface ¥ € R3 has
a rectangular decomposition. Computing total
curvature around one quadrilateral: f Kw +
f Kgds = 2T — Z(ﬂ' —ni) = Zm — 27. Summing
over all quadrilaterals, xg terms cancel, interior
angles 7; sum to 27 at each vertex, considering
faces:>f Kw=2mv—2nf. Usinge— f = f:
Gauss-Bonnet Theorem:

fz Kw=2m(v—e+ f) =2mx(2)

x(X) = Euler characteristic =v —e+ f

is a topological invariant of the surface.

Results for a few coordinate systems

dr = o'é;

d?% = ©%&; = 0 (torsion-free), d2&; = O

ds? = dr - dt = g;;dz’da) = g;j0°07 ‘
Euclidean R?

ds? = dz? 4 dy?, {dz,dy}, w = dx A dy

*dr = dy,xdy = —dz,x1 = dz A dy,x(dz Ady) =1

Af =xd*df = 32f+6y

Levi-Civita: ¢® = dx, o¥ =
Wrr = Wyy = Wgy = 0

Polar coordinates in R?
Coord basis {dr,d¢}, orthonorm {dr,rd¢},
x=rcos¢, y=rsing, r2 =z +y2, tangp = ¥
rdr = xzdzx + ydy, r2d¢ = xdy — ydx

dx = dr cos ¢ — rsin pd¢

dy = drsin ¢ + r cos ¢pdo

df = dzX + dyy = drt + rdéd

= aiéi where ol =7, 02 = rdo

ds? = dz? 4+ dy?® = dr? + r2d¢? = dr - dF
w=dr A rqu, *dr = rde, *rd¢ = —dr *w =1

dy

Vi=34i+ 1500 df = GLdr+ §Ldo

ap =i = (o 4) + B
Connections (&, = F, &4 = @):

di = dpo a7

de = —dot
I = cos ¢X + sin ¢y

¢ = —sin ¢pxX + cos ¢y 4
W', =0= w¢¢

w’“¢ = —d¢ = 7w¢r

Minkowski 2-space M? (s = 1)

dr = dtt + dzx, ds? = dz? — dit?
{dz,dt}, w=dz A dt

*dx = dt, *dt = dx,

*1l =w=dx Adt, x(de ANdt) = —1
g(d(E,dZ‘) =1, g(dtr dt) =

Euclidean R3

O-form: f

l-form: F=TF-dF
2form: a=F-dA
3-form: g = fdV
F.G = «(F A *Q), (F x
Vj di =df =V f
(VXF)-df =+dF =V X F

V- F=#d«F=V -F

Af=V -Vf=xdxdf =V -Vf
Rectangular Eoordinates:

Vector field: F = Fox+ Fyy + F.2
w/ rect. basis {%,¥,2} or {i,}, k}
Displacement dr = dax + dyy + dz2

dA = «dF, dV & w

G)-df = %(F AG)

form basis

0f {1}

1 F = Fpdx + Fydy + F.dz {dz,dy,dz}

2 a=FydyNdz {dy Ndz,dz A dz,
+Fydz ANdx + Fo.dz Ndy dx Ady}

3 8= fdV = fdx ANdy ANdz {dx Ady Ndz}

x1 =dr Ndy Ndz

*dr = dy N dz
*dy = dz A dx
*dz = dz A\ dy

*(dy Ndz) = dzx

x(dz A dx) = dy

*(dx N\ dy) = dz
*(de Ndy Ndz) =

z-y plane curvature: €1 =X, €2 =y, N =63 =12
dh=0,5=0,wl,=0=>K=0
Cylindrical coordinates
Cylinder curvature: é; = é, e
R o 1/r0
dn = do¢, S = < 0 O)
w12 = —d¢ = dw12 =0
k1 =0,k =1 / r, Gaussian curvature vanishes
Spherical coordinates:

df = drf + rd60 + rsin 9d¢¢
ds? = dr? 4 r2d6? + r? sin? 0d¢>?

x = rsinfcos ¢

y = rsinfsin ¢
z=rcosf

w =dr Ardf A rsinOdgp
Orthonorm: 1-forms
{dr,rd0,rsin 0d¢},

vecs {€1,82,83} = {£,0,¢} =
g(df,do) = 1/r?, g(d¢,d¢) = 1/(r? sin? §)
ut=7r0,¢; hr =1, hg =1, hg = rsinf

T = sin 6 cos ¢x + sin 0 sin ¢y + cos 0z

é = cos 0 cos ¢px + cos 0 sin ¢y — sin 0z

d) = 7sm¢>x + cos¢y

di = d66 + sin Odpe

d = —dof + cos 9d¢>¢

dj = — sin 0d¢t — cos 0dpO

xdr = rdf A rsin 0d¢

*rdf = rsin0d¢ A dr

srd¢ = dr A\ rdf

dx = sin 6 cos ¢dr + r cos 6 cos ¢pdf — r sin 0 sin ¢pd ¢
dy = sin 0 sin ¢dr 4 7 cos 0 sin ¢pdf + r sin 0 cos ¢pde
dz = cos @dr — rsin 0d6

Connections: wrr = wpg = wpg =0

wrg = —df = —wor, wrg = —sin0ded = —wy,.,
wpgp = —cosBdd = —wyg
All curvature 2-forms sz

=5, h=é3=1

vanish in flat E3

Sphere curvature: €1 =0, éx =¢p, n=¢ész =1

. AL - 1/r 0
dih = dff + sin Odpep, S = ( 0 1/7")
w12 = — cos 0df, dw! 5 = sinfdo Ndp =
k1 =rke =1/r, K = k1kg = 1/72 (mtrmsm)
Geodesic curvature of sphere:
Line of latitude: T = d), =r X (f) =-0
kgds = d - (—0) = cosfd¢
kg =0 0 = 3 (great circles)

0/\0

Torus
x = (R+rcosf)cos¢
y=(R+rcosf)sing

z=rsinf

ds? = r2d0? + (R + r cos 0)2d¢?
Orthonorm basis of 1-forms (w = o? A
% =rdd, 0% = (R + rcos0)de
Structure eqns: —w€¢ ANo? =do? =

~w? No? =do?® = —rsinfdo A dep

= w9¢ = sin Od¢

6 _ _ cos 6
:>dw¢—c089d9/\d¢> T(Ftrcost) ¥
Gaussian curvature K = miorisise)

Gauss-Bonnet: fT Kuw =2nx(T), x(T) =

AN

o®):
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