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13 Algebra of differential forms
Wedge product (exterior product)
∧ :

∧p ×
∧q 7→

∧p+q

α ∧ α = 0, β ∧ α = −α ∧ β ∈
∧2 for α, β ∈

∧1

Distributive (bilinear) & associative:
α, β, γ ∈

∧1, f fn
(α + β) ∧ γ = α ∧ γ + β ∧ γ
f(α ∧ γ) = (fα) ∧ γ
(α ∧ β) ∧ γ = α ∧ (β ∧ γ)
Differential forms
Space of p-forms:∧p = ⟨{dxi1 ∧ · · · ∧ dxip }⟩, 1 ≤ i1 < · · · < ip ≤ n

# indep p-forms: dim
∧p =

(
n
p

)
= n!

p!(n−p)!

Linear map on 1-forms: A :
∧1 7→

∧1, α 7→ A(α),
A(fα + β) = fA(α) + A(β)
Linear map A on p-forms: A :

∧p 7→
∧p

α1 ∧ · · · ∧ αp 7→ Aα1 ∧ · · · ∧ Aαp,
A(ω) = |A|ω = (detA)ω for all ω ∈

∧n(V )
Products: α ∈

∧p, β ∈
∧q , β ∧ α = (−1)pqα ∧ β

p-form β ∈
∧p(Rn)

decomposable if
∃αi ∈

∧1(Rn) s.t.
β = α1 ∧ · · · ∧ αp. All
elements of

∧n−1(Rn)
are decomposable. γ
decomposable
⇒ γ ∧ γ = 0 but
converse false.

14 Hodge duality
Bases for differential forms
M is n-dim surface w/ coordinates (xi)
Coordinate basis of 1-forms: {dxi}
Arbitrary basis: if {σi} is a basis of

∧1, then
{σI} = {σi1 ∧ · · · ∧ σip } is a basis for

∧p where
index set I = {i1, . . . , ip},
1 ≤ i1 < · · · < ip ≤ n, p ≤ n
Metric tensor, inner product
Def inner product on ‘vector space’ V as map
g : V × V 7→ R s.t.
1) (bi)linear: g(fα + β, γ) = fg(α, γ) + g(β, γ)
2) symmetric: g(β, α) = g(α, β)
3) non-degenerate: g(α, β) = 0 ∀ β ⇒ α = 0
For inner product g (metric tensor) on

∧1:
Components in basis {σi}: gij = g(σi, σj).
Can assume wlog that basis is orthonorm,
g(σi, σj) = ±δij , g(σI , σJ ) = ±δIJ , g(1, 1) = 1.
Line element ds2 = gijdxidxj in orthonorm basis.
Signature of metric = # minus signs.

flat curved
s = 0 Euclidean Riemannian
s = 1 Minkowskian Lorentzian

Action of metric g on 2-forms:

g(α ∧ β, γ ∧ δ) =
∣∣∣g(α, γ) g(α, δ)
g(β, γ) g(β, δ)

∣∣∣
Schwarz inequality: g(α, β)2 ≤ g(α, α)g(β, β) in En

Reverse Schwarz: g(α, β)2 ≥ g(α, α)g(β, β) in M2

Orientation
{σi} is orthonorm basis of

∧1(M).
Orientation ω = σ1 ∧ · · · ∧ σn on M chooses one of
two unit n-forms (other is −ω). g(ω, ω) = (−1)s

Hodge dual
∗ :

∧p 7→
∧n−p is a linear map defined by: =

α ∧ ∗β = g(α, β)ω ∈
∧n (= β ∧ ∗α)

In any sig/dim: ∗1 = ω, ∗ω = (−1)s,
g(α, β) = (−1)s ∗ (α ∧ ∗β)
General case: ω = σ1 ∧· · ·∧σn, ∗σI = g(σI , σI)σJ

where σI = σ1 ∧ · · · ∧ σp,σJ = σp+1 ∧ · · · ∧ σn

∗∗ = (−1)p(n−p)+s always. In s = 0, n = 3: ∗∗ = 1
Dot and cross product
In any dim/sig: g(α, β) = α · β = (−1)s ∗ (α ∧ ∗β)
In 3D, α, β ∈

∧1: α × β = ∗(α ∧ β)

15 Differentiation of differential forms
Exterior diff.: α = fdxI = fdxi1 ∧ · · · ∧ dxip ,
dα = df ∧ dxI in coord basis.
Thm: !∃ d :

∧p 7→
∧p+1 satisfying properties:

1) linear: d(aα + β) = adα + dβ, a = const
2) product rule: d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ
if α = p-form
3) d2α = 0 ⇔ d(fdα) = df ∧ dα

4) df = ∂f
∂xi dxi (= d(f))

0∧
d−−−→

grad

1∧
d−−−→

curl

2∧
︸ ︷︷ ︸

∗

d−−→
div

3∧
︸ ︷︷ ︸

∗
For 0-form f , 1-form F = F⃗ · d⃗r:
grad(f) = df = ∇⃗f · d⃗r (= ∂f

∂x1 dx1 + . . . )
curl(F ) = ∗dF = (∇⃗ × F⃗) · d⃗r
div(F ) = ∗d ∗ F = ∇⃗ · F⃗
Laplacian △f = ∗d ∗ df
Maxwell’s equations

∇⃗ · E⃗ = 4πρ d ∗ E = 4π ∗ ρ

∇⃗ · B⃗ = 0 d ∗ B = 0
∇⃗ × E⃗ + ˙⃗B = 0 dE + ∗Ḃ = 0
∇⃗ × B⃗ − ˙⃗E = 4πJ⃗ dB − ∗Ė = 4π ∗ J

∇⃗ · J⃗ + ρ̇ = 0 ∗d ∗ J + ρ̇ = 0
Ansatz:
B⃗ = ∇⃗ × A⃗ B = ∗dA

E⃗ = −∇⃗Φ − ˙⃗A E = −dΦ − Ȧ

In M4(∗, d), ω = ω̄ ∧ dt [R3(∗̄, d̄), ω̄ = dx ∧ dy ∧ dz]:

df = d̄f + ḟdt
dα = d̄α + dt ∧ α̇ =⇒
∗Ē = (∗̄Ē) ∧ dt
∗fdt = ∗̄f

F = Ē ∧ dt + ∗̄B̄,
via ansatz A = Ā − Φdt
(J = J̄ − ρdt),
reduces to F = dA,
d ∗ F = 4π ∗ J

Orthogonal coordinates
(u, v, w) ortho coords in E3, {û, v̂, ŵ} orthonorm
d⃗r = huduû + hvdvv̂ + hwdwŵ
ds2 = d⃗r · d⃗r = h2

udu2 + h2
vdv2 + h2

wdw2

{hudu, hvdv, hwdw} = orthonorm basis of 1-forms
d⃗r= ∂r⃗

∂u
du + ∂r⃗

∂v
dv + ∂r⃗

∂w
dw

hu =
∣∣ ∂r⃗

∂u

∣∣, û = 1
hu

∂r⃗
∂u

df = ∂f
∂u

du + ∂f
∂v

dv + ∂f
∂w

dw = ∇⃗f · d⃗r
∇⃗f = 1

hu

∂f
∂u

û + 1
hv

∂f
∂v

v̂ + 1
hw

∂f
∂w

ŵ

∇⃗ × F⃗ = 1
huhvhw

∣∣∣∣∣ huû hvv̂ hwŵ
∂

∂u
∂

∂v
∂

∂w
huF u hvF v hwF w

∣∣∣∣∣
∇⃗·F⃗ = 1

huhvhw

(
û ∂

∂u
+ v̂ ∂

∂v
+ ŵ ∂

∂w

)
·(hvhwF uû+

hwhuF vv̂ + huhvF wŵ)

16 Integration of differential forms
Formalizing vectors ⇔ 1-forms
F⃗ vector field has corresponding 1-form F = F⃗ · d⃗r.
Map has inverse g(F, d⃗r) = F⃗ which preserves inner
product, g(F⃗·d⃗r, G⃗·d⃗r) = F⃗·G⃗. If d⃗r in orthonorm
basis of vectors = σiêi for some 1-forms σi, then
σi = ±êi · d⃗r and g(σi, σj) = êi · êj = ±δij s.t.
{σi} is orthonorm basis of 1-forms.
Line, surface, volume integrals
Line:

∫
C

F⃗ · d⃗r =
∫

C
F , F = F⃗ · d⃗r

Surface:
∫

S
F⃗ · dA⃗ =

∫
S

∗F , ∗F = F⃗ · dA⃗
Volume: ∗f = fdV , define

∫
p

f = f(p) for 0-form
Two integrands equal after being integrated over
any domain ⇒ integrands themselves equal.
Vector calculus theorems
Recall single-var FTC:

∫ b

a

df
dx

dx = f(b) − f(a)

Gradient, Stokes, divergence theorems∫ B

A
∇⃗f · d⃗r = f

∣∣B

A

∫
C

df =
∫

∂C
f = f

∣∣B

A∫
S

∇⃗ × F⃗ · dA⃗ =
∮

∂S
F⃗ · d⃗r

∫
S

dF =
∫

∂S
F∫

R
∇⃗ · F⃗dV =

∮
∂R

F⃗ · dA⃗
∫

R
d ∗ F =

∫
∂R

∗F

Most general Stokes’ theorem:
∫

R
dα =

∫
∂R

α

for any α ∈
∧p and any (p + 1)-dim region R.

Integration by parts∫
R

dα ∧ β =
∫

R
α ∧ β − (−1)p

∫
R

α ∧ dβ

(p-form α, q-form β)
Special case retrieves

∫
C

fdg =
∫

∂C
gf −

∫
C

gdf

17 Connections
Vector-valued differential forms
Vector-valued p-form: αiêi, αi = p-form, {êi} =
vector basis (chosen orthonorm)
Arbitrary basis: F⃗ = F iêi, dF⃗ = dF iêi + F idêi

Exterior differentiation of vector fields
Some (not all) required properties:
(α ∈

∧p, v⃗, w⃗ VFs (vector-valued 0-form), a const)
1) linear: d(av⃗ + w⃗) = adv⃗ + dw⃗
2) product rule: d(αv⃗) = dαv⃗ + (−1)pα ∧ dv⃗,
d(v⃗α) = dv⃗ ∧ α + v⃗dα

Connections
Action of d on basis {êi}: dêj = ωi

j êi

ωi
j ≡ connection 1-forms, ωij = Γijkσk

Components of the metric tensor: gij = êi · êj ,
diagonal in orthonorm w/ entries ±1 and I in En

(gij)−1 = gij = g(σi, σj)
ds2 = d⃗r · d⃗r = (σiêi) · (σj êj) = gijσiσj

ds2 = gijdxidxj in coordinate basis
ωij = êi · dêj = gikωk

j

The Levi-Civita connection
A connection is Levi-Civita iff:
1) metric compatible ωji + ωij = 0
(d(v⃗ · w⃗) = dv⃗ · w⃗ + v⃗ · dw⃗)
2) torsion-free: dσi+ωi

j ∧σj = 0 (d2r⃗ = d(d⃗r) = 0)
Claim: given d⃗r, ∃! a Levi-Civita connection

18 Curvature
Curvature of a curve
Curvature: κ = 1/r, r = radius of best-fit circle
Unit tangent: T̂ = d⃗r/|d⃗r| = d⃗r/ds, s = arclength
Circle: dT̂/ds = (1/r)N̂ = κN̂, N̂ inward-pointing
⇒ κds = dT̂ · N̂ = −dN̂ · T̂, since N̂ ⊥ T̂
Curvature of surfaces
Given E3, coords (x1, x2, x3):
on surface x3 = const, σ3 = 0.
Orthonorm basis {ê1, ê2, n̂ = ê3}:
κds = −dn̂ · êi = n̂ · dêi = +ω3i.
Structure eqns: ��dσ3 + ω3

i ∧ σi = 0
⇒ ω3

1 ∧ σ1 + ω3
2 ∧ σ2 = 0

ω3
i = Γ3

ijσj ⇒ structure eqn forces Γ3
12 = Γ3

21
Shape operator ≡ S = −(Γ3

ij), i, j = 1, 2 (symm.).
Eigenvalues are principal curvatures κ1, κ2
Mean curvature = Tr(S) = κ1 + κ2
Gaussian curvature K = det(S) = κ1κ2
Curvature
Structure eqns: 1) d2r⃗ = Θiêi, 2) d2êj = Ωi

j êi

1) Θi = ωi
j ∧ σj + dσi, Θi ≡ torsion 2-forms

⇒ Assume d2r⃗ = 0, reduces to 0 = dσi + ωi
j ∧ σj

2) Ωi
j = dωi

j +ωi
k ∧ωk

j , Ωi
j ≡ curvature 2-forms

In general Ωij = −Ωji,

∃
(

n
2

)
= 1

2 n(n − 1) independent Ωi
j ’s

Curvature in 3D
In E3, 0 = Ωi

j .
Theorema Egregium:
For 2D surface, Ω1

2 = dω1
2 = Kω = Kσ1 ∧ σ2

Interpretation: Gaussian curvature, prev def
extrinsically, is an intrisic, purely geometric,
property of the surface.
Components
Components of ωi

j = Γi
jkσk → Christoffels Γi

jk

Ωi
j = 1

2 Ri
jklσ

k ∧ σi

Ri
jkl ≡ components of Riemann curvature tensor

Assume Ri
jkl = −Ri

jkl by convention.
Ricci curvature tensor ≡ trace of Riemann tensor:
Ωk

i(êk) = Rm
imjσj = Rijσj , Ricci components

Rij ⇐⇒ g(Ωk
i, σk ∧ σj) = Rij

Ricci curvature scalar ≡ trace of Ricci tensor:



R = Rijgij = g(σi, Rijσj)
Bianchi identities
1) 0 = −d2σi= Ωi

j ∧ σj

In components: Ri
jkl + Ri

klj + Ri
ljk = 0

2) (“the”) 0 = d2ωi
j = dΩi

j +ωi
k ∧Ωk

j −Ωi
k ∧ωk

j
Interp: “covariant curl” of Riemann tensor vanishes
Imply symmetries: Rijlk = −Rijkl, metric compat
Rjikl = −Rijkl, Rij = Rji, Rijkl = Rklij

Geodesic curvature

Choose orthonorm {ê1, ê2}
T̂ = cos αê1 + sin αê2
N̂ = − sin αê1 + cos αê2 = ê3 × T̂
Geodesic curvature: κgds = dT̂ · N̂ = dα − ω1

2
A curve with κg = 0 is a geodesic.
Geodesic triangles
Total curvature around closed curve:∫

Kω +
∮

κgds = 2π

Piecewise smooth:∫
Kω +

∮
κgds = 2π −

∑
ϵi = 2π −

∑
(π − ηi)

Area of geodesic triangle on sphere:
A/r2 = 2π −

∑
(π − ηi) =

∑
ηi − π, i = 1 . . . 3

Interp: A/r2 = angle sum − π ⇒ no similar △’s!
In plane: K = 0 ⇒ angle sum = π
Gauss-Bonnet theorem
Any (oriented) compact surface Σ ∈ R3 has
a rectangular decomposition. Computing total
curvature around one quadrilateral:

∫
Kω +∮

κgds = 2π −
∑

(π − ηi) =
∑

ηi − 2π. Summing
over all quadrilaterals, κg terms cancel, interior
angles ηi sum to 2π at each vertex, considering
faces ⇒

∫
σ

Kω = 2πv − 2πf . Using e − f = f :
Gauss-Bonnet Theorem:∫

Σ Kω = 2π(v − e + f) = 2πχ(Σ)
χ(Σ) ≡ Euler characteristic = v − e + f
is a topological invariant of the surface.

Results for a few coordinate systems
d⃗r = σiêi

d2r⃗ = Θiêi = 0⃗ (torsion-free), d2êj = Ωi
j êi

ds2 = d⃗r · d⃗r = gijdxidxj = gijσiσj

Euclidean R2

ds2 = dx2 + dy2, {dx, dy}, ω = dx ∧ dy
∗dx = dy,∗dy = −dx,∗1 = dx ∧ dy,∗(dx ∧ dy) = 1

△f = ∗d ∗ df =
(

∂2f
∂x2 + ∂2f

∂y2

)
Levi-Civita: σx = dx, σy = dy
ωxx = ωyy = ωxy = 0
Polar coordinates in R2

Coord basis {dr, dϕ}, orthonorm {dr, rdϕ},
x = r cos ϕ, y = r sin ϕ, r2 = x2 + y2, tan ϕ = y

x

rdr = xdx + ydy, r2dϕ = xdy − ydx
dx = dr cos ϕ − r sin ϕdϕ
dy = dr sin ϕ + r cos ϕdϕ
d⃗r = dxx̂ + dyŷ = drr̂ + rdϕϕ̂
= σiêi where σ1 = r, σ2 = rdϕ
ds2 = dx2 + dy2 = dr2 + r2dϕ2 = d⃗r · d⃗r
ω = dr ∧ rdϕ, ∗dr = rdϕ, ∗rdϕ = −dr, ∗ω = 1
∇⃗f = ∂f

∂r
r̂ + 1

r
∂f
∂ϕ

ϕ̂, df = ∂f
∂r

dr + ∂f
∂ϕ

dϕ

△f = ∗d ∗ df = 1
r

∂
∂r

(
r ∂f

∂r

)
+ 1

r2
∂2f
∂ϕ2

Connections (êr = r̂, êϕ = ϕ̂):

dr̂ = dϕϕ̂
dϕ̂ = −dϕr̂
r̂ = cos ϕx̂ + sin ϕŷ
ϕ̂ = − sin ϕx̂ + cos ϕŷ
ωr

r = 0 = ωϕ
ϕ

ωr
ϕ = −dϕ = −ωϕ

r

Minkowski 2-space M2 (s = 1)
d⃗r = dtt̂ + dxx̂, ds2 = dx2 − dt2

{dx, dt}, ω = dx ∧ dt
∗dx = dt, ∗dt = dx,
∗1 = ω = dx ∧ dt, ∗(dx ∧ dt) = −1
g(dx, dx) = 1, g(dt, dt) = −1
Euclidean R3

0-form: f

1-form: F = F⃗ · d⃗r
2-form: α = F⃗ · dA⃗
3-form: β = fdV

∗f = fdV
∗F = F⃗ · dA⃗
f ∈

∧0, fdV ∈
∧3,

F⃗ · d⃗r ∈
∧1, F⃗ · dA⃗ ∈

∧2

dA⃗ = ∗d⃗r, dV ↔ ω

F⃗ · G⃗ = ∗(F ∧ ∗G), (F⃗ × G⃗) · d⃗r = ∗(F ∧ G)
∇⃗f · d⃗r = df = ∇f
(∇⃗ × F⃗) · d⃗r = ∗dF = ∇ × F

∇⃗ · F⃗ = ∗d ∗ F = ∇ · F
△f = ∇⃗ · ∇⃗f = ∗d ∗ df = ∇ · ∇f
Rectangular coordinates:
Vector field: F⃗ = Fxx̂ + Fyŷ + Fz ẑ
w/ rect. basis {x̂, ŷ, ẑ} or {̂i, ĵ, k̂}
Displacement d⃗r = dxx̂ + dyŷ + dzẑ

form basis
0 f {1}
1 F = Fxdx + Fydy + Fzdz {dx, dy, dz}
2 α = Fxdy ∧ dz {dy ∧ dz, dz ∧ dx,

+Fydz ∧ dx + Fzdx ∧ dy dx ∧ dy}
3 β = fdV = fdx ∧ dy ∧ dz {dx ∧ dy ∧ dz}

∗1 = dx ∧ dy ∧ dz

∗dx = dy ∧ dz

∗dy = dz ∧ dx

∗dz = dx ∧ dy

∗(dy ∧ dz) = dx

∗(dz ∧ dx) = dy

∗(dx ∧ dy) = dz

∗(dx ∧ dy ∧ dz) = 1

x-y plane curvature: ê1 = x̂, ê2 = ŷ, n̂ = ê3 = ẑ
dn̂ = 0, S = 0, ω1

2 = 0 ⇒ K = 0
Cylindrical coordinates
Cylinder curvature: ê1 = ϕ̂, ê1 = ẑ, n̂ = ê3 = r̂

dn̂ = dϕϕ̂, S =
(

1/r 0
0 0

)
ω1

2 = −dϕ ⇒ dω1
2 = 0

κ1 = 0, κ2 = 1/r, Gaussian curvature vanishes
Spherical coordinates:
d⃗r = drr̂ + rdθθ̂ + r sin θdϕϕ̂
ds2 = dr2 + r2dθ2 + r2 sin2 θdϕ2

x = r sin θ cos ϕ
y = r sin θ sin ϕ
z = r cos θ
ω = dr ∧ rdθ ∧ r sin θdϕ
Orthonorm: 1-forms
{dr, rdθ, r sin θdϕ},
vecs {ê1, ê2, ê3} = {r̂, θ̂, ϕ̂}

g(dθ, dθ) = 1/r2, g(dϕ, dϕ) = 1/(r2 sin2 θ)
ui = r, θ, ϕ; hr = 1, hθ = r, hϕ = r sin θ
r̂ = sin θ cos ϕx̂ + sin θ sin ϕŷ + cos θẑ
θ̂ = cos θ cos ϕx + cos θ sin ϕŷ − sin θẑ
ϕ̂ = − sin ϕx̂ + cos ϕŷ
dr̂ = dθθ̂ + sin θdϕϕ̂
dθ̂ = −dθr̂ + cos θdϕϕ̂
dϕ̂ = − sin θdϕr̂ − cos θdϕθ̂
∗dr = rdθ ∧ r sin θdϕ
∗rdθ = r sin θdϕ ∧ dr
∗rdϕ = dr ∧ rdθ
dx = sin θ cos ϕdr + r cos θ cos ϕdθ − r sin θ sin ϕdϕ
dy = sin θ sin ϕdr + r cos θ sin ϕdθ + r sin θ cos ϕdϕ
dz = cos θdr − r sin θdθ
Connections: ωrr = ωθθ = ωϕϕ = 0
ωrθ = −dθ = −ωθr, ωrϕ = − sin θdϕ = −ωϕr,
ωθϕ = − cos θdϕ = −ωϕθ

All curvature 2-forms Ωi
j vanish in flat E3

Sphere curvature: ê1 = θ̂, ê2 = ϕ̂, n̂ = ê3 = r̂

dn̂ = dθθ̂ + sin θdϕϕ̂, S =
(

1/r 0
0 1/r

)
ω1

2 = − cos θdθ, dω1
2 = sin θdθ ∧ dϕ = 1

r2 σ1 ∧ σ2

κ1 = κ2 = 1/r, K = κ1κ2 = 1/r2 (intrinsic)
Geodesic curvature of sphere:
Line of latitude: T̂ = ϕ̂, N̂ = r̂ × ϕ̂ = −θ̂
κgds = dϕ̂ · (−θ̂) = cosθdϕ
κg = 0 ⇔ θ = π

2 (great circles)

Torus
x = (R + r cos θ) cos ϕ
y = (R + r cos θ) sin ϕ
z = r sin θ

ds2 = r2dθ2 + (R + r cos θ)2dϕ2

Orthonorm basis of 1-forms (ω = σθ ∧ σϕ):
σθ = rdθ, σϕ = (R + r cos θ)dϕ
Structure eqns: −ωθ

ϕ ∧ σϕ = dσθ = 0,
−ωϕ

θ
∧ σθ = dσϕ = −r sin θdθ ∧ dϕ

⇒ ωθ
ϕ = sin θdϕ

⇒ dωθ
ϕ = cos θdθ ∧ dϕ = cos θ

r(R+r cos θ) ω

Gaussian curvature K = cos θ
r(R+r cos θ)

Gauss-Bonnet:
∫

T
Kω = 2πχ(T), χ(T) = 0
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